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Abstract – Space and astrophysical plasmas are frequently found in the regime of differential
rotation, where the presence of a magnetic field can result in the magnetorotational instability,
directly responsible for important phenomena such as turbulent angular momentum transport in
accretion disks. In the absence of an imposed magnetic field, a nonlinear dynamo is necessary
for this transport mechanism to take place. In protoplanetary disks there are regions with high
density and very low temperatures, which are two necessary conditions for the Hall effect to
operate, affecting the development of the dynamo and the associated turbulence. In this work we
perform local magnetohydrodynamic (MHD) simulations to study transition to weak turbulence
in Keplerian shear flows with Hall effect. The Hall effect is shown to lead the system to long-
lived turbulent transients whose decay time follows an exponential dependence on the magnetic
Reynolds number and the Hall parameter.
Introduction. – Transition to turbulence is a widely
studied phenomenon in hydrodynamical flows, where usu-
ally a control parameter such as the Reynolds number
(Re) is progressively varied and a sequence of local and/or
global bifurcations leads the system unto an erratic state
where disorder in space and time takes place. In certain
situations a subcritical transition is observed, where the
laminar state can be shown to be linearly stable for all
values of the control parameter and finite amplitude per-
turbations are required to drive the system away from the
laminar flow and unto the turbulent state. This turbu-
lence can be self-sustained or decaying, the former being
due to a chaotic attractor in the phase space and the latter
due to a chaotic saddle, i.e., a nonattracting chaotic set
[1, 2].
Several works have studied subcritical transition in hy-
drodynamical shear-flows like the plane-Couette and pipe
flows, investigating whether the turbulence is sustained
or just a long-lived transient. For low values of Re, the
flow quickly becomes laminar, whereas for large values it is
turbulent. However, for intermediate values of Re the de-
scription of the asymptotic state and the mechanisms for
its formation remain an open question [3]. Recently, the
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onset of sustained turbulence in shear flow experiments
was described in terms of the spatial coupling of tran-
siently chaotic domains, resulting in a second-order phase
transition that falls into the directed percolation univer-
sality class [4–6].
In astronomy, a typical example of subcritical transi-
tion to turbulence is provided by accretion disk models
in the absence of magnetic fields and where shear is the
only stratification. In such cases, the laminar Keplerian
flow is linearly stable [11]. When a mean magnetic field
is present, the magnetorotational instability is a linear in-
stability that can lead the system towards the turbulent
state, thus providing a mechanism for outward angular
momentum transport and the corresponding inward ac-
cretion of matter [7]. Finite magnetic resistive effects can
lead to the decay of the magnetic field, so in the absence of
an imposed background field a nonlinear dynamo mecha-
nism is required to sustain the magnetic energy and, con-
sequently, the turbulence. Schekochihin et al. [15] con-
jectured that at low Pm a dynamo might only be possi-
ble in the presence of a mean field. In local simulations
using the shearing box formalism with zero net magnetic
flux, Fromang et al. [8] reported that the turbulence disap-
pears for a magnetic Prandtl number (Pm) below a crit-
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ical value that seems to be a decreasing function of the
kinetic Reynolds number. Iskakov et al. [9] found that
the dynamo action is possible for Pm <1 at high Reynolds
numbers and/or numerical resolution, but with low growth
rates, while Boldyrev & Cattaneo [10] proposed through
different assumptions that the dynamo action is possible
at any low value of Pm at sufficiently high Rm. When
the magnetic Prandtl number (Pm) is greater than one, it
was shown by Rempel et al. [12] that the turbulent state
found at intermediate Reynolds number decays with time
and the average lifetime of the turbulence grows as an ex-
ponential function of magnetic Reynolds number (Rm), a
behavior named supertransient in Refs [13, 14]. Recently,
Nauman and Pessah [16] showed that turbulence can be
sustained for several thousand shear time units in zero
net flux shearing box simulations even when Pm < 1, pro-
vided that extended vertical domains are adopted. Other
numerical simulations confirm that the use of taller boxes
facilitates the presence of sustained dynamo/turbulence in
the shearing box model [17,18].
Accretion disks around stars (protoplanetary disks) are
weakly ionized because the X-ray radiation of the proto-
star only ionizes the surface of the disk such that these
disks are too cold to provide an effective temperature for
thermal ionization in the body of the disk. As a con-
sequence the large regions that are adjacent to the disk
mid-plane are not susceptible to the MRI [33] while the
MRI is active close to the surface of the disk. These weakly
ionized disks are mainly composed of a neutral fluid with
a small fraction of the fluid composed by a number of ion-
ized particles of different species. Due to the interactions
of these different species, three non-ideal processes are in-
troduced, namely, the Hall effect, ambipolar diffusion and
Ohmic dissipation [21]. The Ohmic dissipation dominates
in regions with high density and low ionization fraction
(inner disk and disk mid-plane), the ambipolar diffusion
dominates in the outer region, while the Hall effect is im-
portant in between (1–10au) [22,34].
The ambipolar diffusion is due to the imperfect coupling
of the neutrals with the ionized fluid. Blaes & Balbus [35]
found that when the ion-neutral collision frequency drops
below the orbital frequency the MRI is suppressed, a result
confirmed by Hawley & Stone [36]. The Ohmic resistiv-
ity is used to model layered accretion disks where their
surfaces are sufficiently ionized to allow it to be coupled
to the magnetic field and provide conditions for the on-
set of the MRI turbulence while the mid-plane regions are
poorly ionized. Later, the Hall effect can destabilize the
plasma depending on the orientation of the magnetic field
that otherwise would be stabilized by Ohmic losses [21].
In this letter we extend the analyses of Rempel et al. [12]
through shearing box simulations where the Hall effect has
been taken into account to fully characterize whether or
not the zero net flux Hall-MHD turbulence is sustained or
transient. By computing the mean decay time for different
initial conditions as a function of the magnetic Reynolds
number and the strength of the Hall effect, we conduct
a series of statistical studies at transition to weak turbu-
lence. Our results confirm that the exponential depen-
dence of the transient is observed in Low-Re simulations,
but the Hall effect reinforces the production of magnetic
energy, therefore, a sustained dynamo might be expected
even for Re below the critical value found in the Hall-free
regime. In order to facilitate the dynamo onset, we adopt
the tall box aspect ratio employed by references [16–18],
although this is probably not relevant for astrophysical
discs. From now on, we loosely employ the term turbu-
lence to describe irregular regimes that depart from the
laminar flow.
The Hall MHD equations. – We solve the MHD
equations in the shearing box formalism [23] using the
Snoopy pseudo-spectral code [24, 25] including the Hall
effect in the induction equation [26]. The equations are
solved inside a box which is rotating with angular velocity
Ω(r0), where r0 is a fiducial radius that determines the
location of the centre of the box. Shearing sheet boundary
conditions are adopted [27]. The shearing-box equations
in Cartesian coordinates, with φ→ y and r → r0 + x, are
given by:
∂tv + v · ∇v = −1
ρ
∇P + ∇×B×B
µ0ρ
− 2Ω× v +
2ΩSxxˆ + ν∇2v, (1)
∂tB = ∇×
(
v×B− ∇×B×B
XHall
)
+ η∇2B, (2)
∇ ·B = 0
∇ · v = 0, (3)
where for a Keplerian disk Ω = r−3/2, S = −r∂rΩ =
(3/2)Ω, ν is the constant kinematic viscosity coefficient,
η is the constant magnetic diffusivity, µ0 the magnetic
permeability, ρ is the gas density, P is the pressure, B is
the magnetic field and XHall =
√
ρ/`H , where `H is the
Hall lengthscale, which is given by [26]
`H =
(
mic
2
4piZ2e2ni
)1/2(
ρ
ρi
)1/2
, (4)
where mi is the ion mass, c is the speed of light, Z the
atomic number, ni the ion density and ρi is the ion mass
density. The fluid velocity is decomposed as v = v0 +
u, where the steady-state solution is given by the shear
flow v0 = −Sxyˆ and u is the perturbation field. The
kinetic and magnetic Reynolds numbers mentioned below
are given by Re = 1/ν and Rm = 1/η, respectively. From
now on, we set Ω = 1, Re = 70 and use Rm and XHall as
control parameters.
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Table 1: Average values of the Reynolds and Maxwell
stresses for Re = 70, Rm = 200 and XHall = 50.
Resolution < αRey > < αMax >
Low 0.237 -2.610
Medium 0.069 -0.595
High 0.056 -0.548
Numerical simulations. – For the simulation do-
main we chose a box as in Riols et al. [28], with sides
(Lx, Ly, Lz) = (0.7, 20.0, 2.0), which was shown to favour
the onset of dynamo. Estimating the mean decay time of
the turbulence as a function of Rm and XHall requires a
statistical study based on long time series for thousands of
different initial conditions, therefore, the numerical resolu-
tion employed in this letter is low. Riols et al. [28] argued
that when the Hall effect is absent for Re = 70, simulations
with a numerical resolution (Nx, Ny, Nz) = (24, 12, 36) are
well resolved up to Rm = 500, however we have verified
that this is insufficient for simulations with the Hall effect.
In order to find the minimum resolution required for
our study we compute the averages of the Reynolds
and Maxwell stresses, as well as the kinetic and mag-
netic power spectra for Re = 70. We test the res-
olutions (Nx, Ny, Nz) = (24, 12, 36) (low resolution),
(Nx, Ny, Nz) = (48, 24, 72) (medium resolution) and
(Nx, Ny, Nz) = (72, 36, 108) (high resolution). In tables
1 and 2 we present the average values of the Reynolds (<
αRey >=< vxvy >) and Maxwell (< αMax >=< bxby >)
stresses, averaged over the space and time, for different
magnetic Reynolds numbers and in Figure 1 we present
the power spectra of the kinetic and magnetic energies for
two magnetic Reynolds numbers. Based on our analyses
of the average values and the slopes of the power spectra,
we conclude that if the medium resolution is adopted, for
XHall = 50 the values converge up to Rm = 250. The
spectra show some disagreement in low scales, however we
have checked that this has low impact on our studies. Sim-
ilar analysis suggest that for XHall = 30 and 40 the values
with the medium resolution converge up to Rm = 200.
For this reason we choose the medium resolution for this
study and compute the decay times up to Rm = 250 for
XHall = 50 and Rm = 200 for XHall = 30 and 40.
Results. – The statistical determination of the mean
decay time (τ) requires the integration of Eqs. (1)–(3)
with a large set of initial conditions in turbulent states
until they decay to the laminar state. We obtain these
initial conditions from long turbulent time series that were
generated using Re = 70, Rm = 500 and different values of
XHall between 10 and 1000. The state variables are saved
from those time series at each 500 shear time units (before
decay) to obtain uncorrelated turbulent initial conditions.
Figure 2 presents snapshots of the azimuthal compo-
nent of the magnetic field for a simulation with Re = 70,
Table 2: Average values of the Reynolds and Maxwell
stresses for Re = 70, Rm = 300 and XHall = 50.
Resolution < αRey > < αMax >
Low 0.182 -1.287
Medium 0.103 -0.798
High 0.072 -0.673
Fig. 1: Power Spectra of the kinetic (left) and magnetic
(right) energies as a function of the wavenumber (k) for
Rm = 200 (upper panels) and Rm = 300 (lower panels).
In all case Re = 70 and XHall = 50. The black lines
represent the high resolution simulations, red represents
the medium resolution and blue the low resolution.
Rm = 500 and XHall = 50 at two different times showing
a turbulent state in the left panel that decays to the lam-
inar state in the right panel. It is important to emphasize
that this simulation is under-resolved and has only been
used to generate a long turbulent time series from which
we extract different states to use as initial conditions.
In figure 3 we show the time series of the kinetic and
magnetic energies for two simulations with medium res-
olution and Re=70, Rm = 500 and XHall = 50. The
black line shows the transition from the turbulent state
to the laminar state at t ≈ 13.000 shear time units and
corresponds to the Hall effect included in the induction
equation; for comparison we are also showing in blue the
results from a simulation without the Hall effect, which has
transitioned to the laminar state much faster, at t ≈ 900.
These results reveal the presence of long turbulent tran-
sients whose decay times are increased by the Hall effect.
To obtain the average lifetime (τ(Rm)) of the turbulence
we calculate the probability (P (t)) to find the system in a
turbulent state at a corresponding time t. For each value
of Rm the probability is computed using a set of up to
170 simulations where each simulation corresponds to a
different initial condition as described above. The simu-
lations are interrupted when the kinetic energy reaches a
level below 10−5. Figure 4 shows the probabilities (P (t))
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Fig. 2: Volume visualization of y-component of the mag-
netic field. Left: Turbulent flow at t = 1000 shear times.
Right: Laminar flow at t = 14000 shear times.
Fig. 3: Time series of the kinetic and magnetic energies
for our medium resolution simulation with Re = 70, Rm =
500 and XHall = 50. Top: Kinetic energy as function of
the time. Bottom: Magnetic energy as function of the
time. The black line corresponds to simulations with Hall
effect and the blue line corresponds to simulations without
the Hall effect.
in log scale as a function of the time t for different mag-
netic Reynolds numbers. From these data we perform lin-
ear fits to obtain the inverse of the decay time assuming
that they have a dependence with the Rm in the form
P (t, Rm) = exp[−t/τ(Rm)], as expected for transients due
to chaotic saddles [20].
Using the data obtained from the linear fits we have
plotted the inverse of the decay time (1/τ) as a function of
Rm and the results are presented in Figure 5. The inverse
of the decay time has a clear exponential dependence with
Rm. The curves obtained from these linear fits are given
by
1/τ = exp(ARm +B), (5)
and the values of the constants A and B for the four XHall
values used in this work are provided in table 3. Due to the
exponential dependence with Rm the corresponding life-
Fig. 4: Probability (P (t)) in log scale of the decay time
as a function of the time (t) for five different values of Rm
and XHall=50.
times of the turbulence follow a supertransient law [13,14].
We conclude that the Hall effect allows for supertransients
to be present even at very low Rm, when the system would
rapidly decay to the laminar state if the Hall effect were
absent. Whether the Hall effect might support the exis-
tence of a self sustained dynamo at low Rm numbers or
not is the topic of a future work.
Fig. 5: Inverse of the decay time for four values of XHall
in log scale as function of Rm with their corresponding
linear fits.
The same data from Figure 5 are shown in Figure 6, but
arranged as a plot of the inverse decay time as a function
of XHall for different values of Rm. Once again, an ex-
ponential law is found from the linear fit in the log–linear
plot.
There are two types of supertransient laws described in
Te´l and Lai [14], the type-I, given by a power-law, and the
type-II, described by an exponential-law. The type-I law
is observed from a linear fit in a log–log plot, whereas the
type-II comes from a linear fit in a log- linear plot. When
someone is using few points in a linear regression it might
p-4
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Table 3: Values of the constants A and B in Equation 5
for four different values of XHall.
XHall A B
30.0 -0.0169 0.248
40.0 -0.0166 0.258
50.0 -0.0192 0.760
60.0 -0.0189 0.890
Fig. 6: Inverse of the decay time for four different values
of Rm in log scale as function of XHall with their corre-
sponding linear fits.
be difficult to tell which type of supertransient is being
observed, since both log-linear and log-log plots seem to
allow for a linear fit. To ensure that our data support a
type-II supertransient, we show in Figure 7 both the log–
linear (upper panel) and log–log (lower panel) plots for
Rm = 70, where it is clear that the log–linear plot provides
the best linear fit. Thus, assuming that the inverse of the
decay time has a dependence with XHall in the form
1/τ = exp(CXHall +D), (6)
the computed values of the constants C and D are pre-
sented in the table 4. The results for Rm = 200 may have
been affected by inappropriate resolution, thus the slightly
negative value of C. However, even if one were to disre-
gard it from the analyses, it can be argued that there is a
universal type-II supertransient law for the decay time of
the MHD turbulence for the parameter space used in this
work.
Conclusion. – Through a series of thousands of long
numerical simulations we have characterized the mean de-
cay time of the turbulence in shearing box Hall-MHD sim-
ulations of Keplerian shear flows as a type-II supertran-
sient as a function of both the magnetic Reynolds number
and the Hall parameter. The Hall effect is crucial in de-
veloping the observed transient turbulence, since in its ab-
sence the system quickly decays to the laminar state and
Fig. 7: Inverse of the decay time for Rm = 70 as function
of XHall. The upper panel presents the values in log-linear
scale and the bottom panel the values in log-log scale.
this conclusion is supported by the result of Kunz & Lesur
[26]. Nonetheless, we have not found evidence of a self sus-
tained dynamo for the parameters used in our study. Fro-
mang et al. [8] found that the shearing box turbulence does
not persist for Pm < 2 in the Hall-free regime. Our Hall-
MHD simulations have explored the range 1 ≤ Pm < 4 and
although the Hall-effect is responsible for causing the long
transient turbulence, so far even at Pm > 2 we haven’t
found evidence of dynamo action. This may be due to the
low Re adopted and the Hall effect itself, but a more de-
tailed study is required to find out the critical values for
Pm for a transition to sustained turbulence. The geometry
of the simulation box may also be crucial in allowing for
the development of a sustained turbulence as previously
mentioned [16,17]. A future study with boxes with differ-
ent aspect ratios is required to characterize if this is true
for our simulations. Another possibility is that there may
be no transition to sustained dynamo and the Hall-MHD
turbulence is always transient, with huge decay times due
to their exponential growth with the control parameters.
It is worth noting that despite the importance of MRI
for accretion processes in astrophysics, certain regions in
protoplanetary disks are so poorly ionized that they may
not support MRI turbulence [26, 32], so that the accre-
tion would take place among a basically laminar state.
Nonetheless, recent observations and simulations have re-
vealed the presence of a wealth of complex structures in
protoplanetary disks, such as rings [29], spiral arms [30]
and vortices [31]. Although the origin of such structures
is still a highly debated topic, two non-ideal MHD ef-
fects have often been invoked in a tentative explanation
for these observations, the Hall effect and ambipolar dif-
fusion. For example, it has been shown in local numerical
simulations that in the presence of a vertical background
magnetic field the Hall effect can lead to the formation of
large-scale self-organized axisymmetric structures called
zonal flows [26, 32], which correspond to concentric rings
p-5
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Table 4: Values of the constants C and D in Equation 6
for four different values of Rm.
Rm C D
70.0 0.90 -4.02
100.0 0.55 -3.24
150.0 0.30 -3.58
200.0 -0.07 -2.84
in a global disc and are thought to be ideal locations for
planet formation [31, 32]. In Riols et al. [32], zonal flows
become more pronounced for stronger background fields;
in the absence of a background field, so far we have not
observed zonal flows in our simulations.
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